Abstract-This paper presents a method for grasp evaluation. It is based on the ability of the grasp to reject disturbance forces. The procedure takes the geometry of object into account, and it is also possible to incorporate task-oriented information. The evaluation criterion is formulated as a min-max optimization problem, for which an efficient algorithm is proposed and analyzed. The result of this algorithm is independent of scale and choice of reference frame, and can easily be visualized as a surface in the force space. The method is illustrated with several examples.
I. INTRODUCTION

R
OBOTS that autonomously grasp objects and interact with them must have methods for choosing appropriate grasps. However, finding a good grasp requires methods for evaluating and comparing different grasps. Furthermore, evaluation can be performed with respect to different properties of the grasp. A most important property of a grasp is its ability to apply forces to the grasped object. A good grasp should also be able to efficiently reject external disturbance forces, especially those forces that are expected to occur during the task that is to be performed. Grasps should also be robust to errors in models and sensor data.
Robotic grasping and manipulation is an extensive research area. A survey of the state-of-art up to around 2001 is presented in, e.g., [1] and [2] . An in-depth treatment of robotic grasping is given in [3] and [4] . As discussed in, e.g., [5] , automatic grasp planning for robot manipulators is a difficult problem due to its high degree of freedom. Computationally efficient methods for grasp evaluation are of fundamental importance when deriving useful grasp-planning algorithms.
In this paper, we present a framework for grasp evaluation that is based on the grasp's ability to resist disturbance forces. The approach leads to a min-max formulation, for which we propose an efficient algorithm. The result of the algorithm is easily visualized as a surface in the force space. For polyhedral objects, we give a proof showing that only the vertices of the object need to be considered. Compared with other approaches to grasp evaluation, the main benefits are as follows.
• The procedure incorporates the complete object geometry.
• Task information is easily included, and actually reduces the computational complexity.
• The result is independent of scale and choice of reference frame.
• The result can be visualized in 3-D and is easy to interpret. The next section gives a brief introduction to grasp analysis. In Section III, we discuss related work, and in Section IV, the proposed grasp-evaluation procedure is presented. To demonstrate the procedure, we give some examples in Section V. The paper ends with a summary.
II. GRASP ANALYSIS
In this section, we give a brief introduction to grasp analysis and introduce the notation and concepts that are used in the context of grasp evaluation.
It is assumed that the grasped object is rigid, and that the grasp consists of any number of point contacts with friction. The point-contact assumption might seem limiting but, as was pointed out by Nguyen [6] , any planar polygonal contact can be represented as the convex sum of point contacts placed at the vertices of the contact polygon. Attached to the object is a reference frame, to which all contacts and forces are related.
Each contact will have its own reference frame, with the -axis pointing in the direction of the inward surface normal, see Fig. 1(a) . Because of friction being present, the contact force can deviate from the -axis. If the contact forces obey the Coulomb friction model, then the space of all admissible contact forces forms a circular cone with opening angle , where is the coefficient of friction. This cone, called the friction cone, will impose nonlinear constraints on the contact force components.
In the literature, the circular friction cone is often approximated with an -sided pyramid, see Fig. 1(b) . By doing this, we can write the contact force as a positive linear combination of the force vectors spanning the pyramid (1) Note that by choosing the vectors to have a unit -component, the normal component of the contact force is easily obtained as . It is often convenient to concatenate force and torque vectors and into a wrench, defined as . A wrench is thus a 6-D column vector. Each force will result in an object wrench , which can be computed if the position and the orientation of the contact relative to the object frame is known. Let the from all contacts be the columns of a matrix , where is the number of contacts. This matrix is called the grasp matrix. Summing up the contributions from all contacts, the total wrench exerted by the grasp on the object, , can be written as (2) where is a vector containing the for all contacts. See [4] for more details on how to construct the grasp matrix. When analyzing a grasp, it is of interest to know the space of wrenches that can be applied to the object by the grasp. The unit grasp wrench space (UGWS) is often 1 defined as the space of wrenches that satisfies (2) and . This space is equal to the convex hull of , which can be efficiently computed using the Quickhull algorithm, see [8] .
An important class of grasps are those that have force closure. A grasp has force closure if there exists a solution to (2) for any . This means that the grasp can counteract any external wrench acting on the body by adjusting the contact forces properly. If a grasp has force closure, then the convex hull of must contain a neighborhood of the origin [4] . The converse is also true: if the convex hull contains a neighborhood of the origin, then the grasp has force closure. 1 Note that by choosing another norm for the contact force vector, we get other definitions for the UGWS. Another common, and more natural, definition of the UGWS is to limit the normal component of each individual contact to one, see [7] . With this definition, however, the UGWS is much more costly to compute, and therefore, the definition based on the sum of all contact forces is more common.
III. RELATED WORK
Grasp evaluation can be performed with respect to different properties of the grasp. Which properties are important is determined by the context and the task. For example, when inserting a peg into a hole, it is important that the grasp is compliant, to not give rise to large contact forces due to position and orientation errors. For such a task, it is important that the grasp is not only stable, but also that it has a high manipulability measure. Grasp manipulability is the degree to which the fingers can impart arbitrary motions to the object, see [9] .
Grasp Robustness: Considering the uncertainties in models and sensor data, grasps that are robust to positioning and modeling errors are to be preferred. Nguyen [6] addressed this by developing algorithms for finding maximal independent contact regions for several important types of grasps; among them, two-finger grasps of polygons. As long as the contacts are within these regions, the grasp has force closure. Ponce and Faverjon [10] extended the results of Nguyen to three-finger grasps of polygons. Thus, if robustness to position and modeling errors are of concern, a grasp quality measure could be chosen as the length of the smallest contact region.
Bone and Du [11] derived a measure of robustness to positional errors for polygon grasps. They consider all combinations of finger displacements and evaluate the maximum torque magnitude the resulting grasp can resist. The robustness measure is the sum of the relative change in torque-resisting capability for all the displacements.
It is well known that friction helps to make a grasp more stable. In situations where the coefficient of friction is not known beforehand, we should favor grasps whose stability is not dependent on a large coefficient of friction. Mantriota [12] defined as quality measure the minimum coefficient of friction needed to resist a set of unit disturbance wrenches, directed along the principal wrench-space directions. The resulting grasps are robust in the sense that they rely as little as possible on friction.
Wrench-Space Volumes: Another important property of a grasp is its ability to apply forces to the grasped object. A good grasp should be able to efficiently counteract external forces, especially those forces that are expected to occur during the task at hand. Previous work focusing on this aspect of a grasp is naturally divided into task-independent quality measures and task-directed quality measures. In task-independent grasp evaluation, information about the task is assumed to be unavailable or ignored, and the resulting grasp quality measure therefore reflects, in some way, the overall stability of the grasp. In task-directed grasp evaluation, on the other hand, the suitability of a grasp with respect to a particular task is evaluated. Both types of quality measures are often based on the UGWS. The wrench space is 6-D and, intuitively, a good grasp should have a large UGWS whose shape matches the set of wrenches that are expected to occur for the given task (the task wrench space).
Kirkpatrick et al. [13] proposed a quality measure which is the radius of the largest wrench-space ball that just fits within the UGWS. This measure was also used in [7] and [14] . This quality measure is task-independent, and it assumes that all directions in the wrench space are equally important. There are two drawbacks with this kind of measure: it is not scale-invariant; and it is not invariant to translations of the torque origin. The first drawback is easily remedied by normalizing the torque components of the wrench vector, e.g., with the inverse of the maximum distance from the torque origin to the surface of the object [14] . The second drawback is more severe, because clearly, a grasp quality measure should not depend on the choice of reference frame. This issue was addressed in [15] , which proposed as an invariant measure the radius of the largest wrench-space ball with respect to all possible coordinate frames. The approach does, however, lack a simple physical interpretation: the choice of coordinate frame for evaluating a grasp is dependent on the grasp itself. A much simpler invariant measure was proposed by Li and Sastry [16] ; they suggested using the volume of the UGWS as an invariant measure. Note, however, that a volume-based quality measure can give a nonzero quality to grasps that do not have force closure, i.e., are unable to resist forces in some directions.
Many of the problems with quality measures that are based on wrench-space balls arise because we are trying to compare forces with torques, which does not make sense, as they have different units. To avoid such comparisons, [17] used a decoupled approach, leading to a two-valued quality measure. The optimal grasp is the one that lexicographically maximizes both values; they first compute the grasps that best counteract pure forces, and then select from among those grasps the one that best resists pure torques.
To obtain task-directed measures, [16] suggested the use of 6-D task ellipsoids, whose shape resembles the space of forces and torques encountered in the task. It defined a task-directed quality measure as the largest scale factor that causes the task ellipsoid to be embedded in the UGWS. However, as pointed out in [16] , "The process of modeling a task by a task ellipsoid is quite complicated."
Including the Object Geometry: Using the UGWS alone for the construction of a quality measure has a drawback that, seemingly, has not received much attention: the wrench space is constructed from information about the contacts alone. Hence, the effects of the complete object geometry on grasp stability are not taken into account. A grasp quality measure that does not take object geometry into account would treat the two grasps in Fig. 2 as equal; intuition, however, tells us that the grasp of Object A should be more stable than that of Object B.
Introducing the object wrench space (OWS) concept, [14] actually incorporates the complete object geometry into the grasp evaluation. The OWS represents the best grasp of the object that can ever be achieved. An alternative interpretation is that the OWS is the set of wrenches that can be created by a (unit) distribution of disturbance forces acting anywhere on the surface of the object. Thus, the OWS depends on the geometry of the object. The OWS concept is closely related to the idea presented herein; however, the examples presented in [14] on this subject are limited to 2-D polygons with frictionless point contacts.
In a recent approach, [18] combined the OWS concept of [14] with the task ellipsoids of [16] . If no task information is given, the best assumption one can make about the disturbance wrenches is that they are distributed according to the OWS. Borst et al. [18] therefore choose as task ellipsoid an ellipsoid that tightly encloses the OWS. As the task ellipsoid is automatically constructed, it removes one of the strongest objections against using them. It is also worth noting that their method for computing the grasp quality does not rely on any friction cone approximations.
Visualization: Visualization of a 6-D wrench space is impossible, and therefore, many papers only dealt with 2-D grasping problems. The wrench space of a 2-D grasping problem is 3-D and easy to visualize. Miller and Allen [19] suggested several methods for projecting the 6-D wrench space into 3-D. Using these projections, important characteristics of the 6-D wrench space could be visualized. The approach presented here can be seen as a natural projection from the 6-D wrench space to the 3-D force space.
Compliant Grasps: In the work presented so far, grasp compliance has not been addressed. This is also the case of the method proposed in this paper. For compliant grasps, the grasp stiffness matrix is a useful tool, see, e.g., [20] . A compliant grasp is stable if the grasp stiffness matrix is positive definite. It seems natural to base a quantitative measure of stability on the eigenvalues of the stiffness matrix, but care must be taken, as these are not invariant under a change of reference frame; see, e.g., [21] and [22] .
Bruyninckx et al. [22] derived a grasp quality measure based on the generalized eigenvalue decomposition of the grasp stiffness matrix. The generalization requires a choice of a metric on the group of rigid-body displacements that enables the identification of twists with wrenches. Lin et al. [21] derived a frameinvariant quality measure in terms of the principal translational and rotational stiffness parameters. By introducing a physically based conversion of rotational stiffness parameters into equivalent translational stiffness, [21] overcame the problem of comparing translational and rotational stiffness parameters.
IV. GRASP-EVALUATION PROCEDURE
As was pointed out in [16] , modeling a task using 6-D task ellipsoids is laborious. Furthermore, visualization of the wrench space is impossible, unless the grasp problem is 2-D. We argue that in many cases, the explicit use of the torque component is not necessary, thereby reducing the 6-D wrench space to a 3-D force space.
Key Idea: Consider how disturbance wrenches are applied to a grasped object: in almost all practical cases, a disturbance wrench arises from a pure force acting on the surface of the object. The resulting torque component is immediately given by (3) where is a vector specifying where the force is applied. Specifying the grasp matrix and in the same coordinate system is key here. Using the same torque origin assures that the result will be independent of the choice of frame. According to (3) , the torque component is not independent of the applied force, and they are always orthogonal to each other. Based on this observation, the grasp-evaluation procedure described below is proposed.
Consider a unit vector , representing a fixed direction for the disturbance force so that the disturbance force can be written as , where is a dimensionless scalar. Sweep this disturbance force over the surface of the object, finding the smallest, positive that results in a wrench that is exactly on the border of the UGWS. Let us denote this value by . Note that when performing this "sweeping" operation, only those points on the object for which is inside the friction cone can come into consideration. We also require , because we cannot allow tractional disturbance forces. Repeating this process for all directions of the disturbance force, we will end up with a closed surface in force space. Specifying force directions with spherical coordinates and , the surface is given by the vectors . The interpretation of this surface is straightforward. If a disturbance force is inside , a unit grasp will be able to resist the resulting wrench, no matter where the force is applied.
Min-Max Formulation: The above procedure can be formulated mathematically as a min-max problem. Let denote the surface of the object and the friction cone at the surface point specified by the vector . To include forces that cannot be seen as a force acting on the surface of the object (e.g., gravitational forces), we can include an offset wrench . For each direction , we want to solve the following problem:
The resulting surface can be seen as the space of admissible disturbance forces around , assuming a unit grasp and that the disturbance forces are always applied at the worst-case surface point. Taking the complete geometry into account, we thereby assume that disturbance forces can occur anywhere on the object surface. However, as illustrated by the following example, task information can easily be included by only choosing those parts of the object surface where disturbance forces are likely to occur.
Task-Directed Evaluation: The usual way to hold a pen when writing is to place the fingertips close to the tip of the pen, letting its upper part rest between the thumb and the index finger, see Fig. 3 . Clearly, this grasp cannot easily resist forces acting on the upper part of the pen. Using the complete surface of the pen as input to the evaluation procedure would thus result in a poor overall stability for the grasp. However, when writing, we know that external forces are only exerted on the tip of the pen, and the chosen grasp is excellent for balancing those forces. Accordingly, a task-directed measure, indicating a more stable grasp, can be computed by using only the tip of the pen as input. Another way to add task information is through
. If the object is held in the same orientation during the task, then we can easily include the effect of gravity with . In some cases, this wrench can actually help to stabilize the grasp, e.g., when carrying a plate resting on the open palm.
Disturbance-Force Friction Cone: Note that upon using only parts of the object surface, might not be closed. This can happen if some of the force directions never fall inside a friction cone. The same can happen if the assumed friction cone for the disturbance force is very small. However, choosing large enough friction cones for the disturbance forces, the procedure will cover the force directions relevant to the task. Thus, the procedure depends on some imagined coefficient of friction, , that should be chosen considerably larger than the real one.
Remark: For , we will have . Thus, increasing will always result in a more conservative evaluation of the grasp.
Disturbance-Force Upper Bound: Since we assume a unit grasp, there exists a theoretical upper bound for . It is easily shown that if , then is bounded by a sphere with radius . For a nonzero offset wrench, this bounding sphere will be distorted and translated.
A. Algorithm for Solving the Min-Max Problem
One immediate objection against the proposed procedure is that it seems both unnecessary and computationally overwhelming to traverse the entire surface of the object. It is, however, shown in Section IV-C that if the object is a polyhedron, then it is enough to traverse its vertices only. Therefore, in the following analysis, we will assume polyhedral objects.
The UGWS can be seen as the interior of a set of hyperplanes in 6-D. Each hyperplane has a unit normal and an offset . The purpose of the prime will be explained below. For a wrench to be inside the hull, we must have
Looking for wrenches that are exactly on the boundary of the wrench space could be done by looking for intersections with these hyperplanes. Here, we use the Quickhull program [8] to compute the hyperplanes.
Clearly, we must discretize the space disturbance force directions. This is most easily done using spherical coordinates , where and . Assume that the grasp must resist some default offset wrench . If, in addition, a disturbance force is applied at a point on the object's surface, then the following must hold for the grasp to remain stable: (6) The minus signs in the left-hand side (LHS) of (6) are necessary, because the grasp has to exert a wrench that cancels the external wrench to maintain equilibrium.
With and constant, the LHS of (6) describes a line in wrench space parameterized by (7) where we have introduced the convenient notation (8) Thus, if is inside the hull, there exist two intersections with the hull boundary and the line: one with negative , which we are not interested in, and one with positive , which we are looking for. Now we only need an effective algorithm for finding this positive -value for each force direction.
Assume that the wrench from (7) is exactly on hyperplane . Then from (5), we obtain (9) We note that the term can be seen as coordinate translation of the wrench space, changing the plane offsets. Thus, we can introduce , which simplifies (9) to (10) Since it is assumed that the grasp is able to resist the offset wrench, we must have for all hyperplanes. This is a more general condition than the commonly used , which requires the grasp to have force closure. With only one unknown in (10), we can solve directly for (11) The smallest positive , taken over all hyperplanes, will correspond to the largest disturbance force, with direction , that can be applied to a particular vertex . Repeating this procedure for all vertices, for which is inside the friction cone, will give the worst-case disturbance force. However, computing according to (11) for all hyperplanes and all vertices seems highly inefficient. The complexity of such an algorithm would be close to , where is the number of vertices on the object. In reality, it would be slightly lower, due to falling outside the friction cone for many vertices.
B. Algorithm Improvement
One way of reducing the complexity would be to precompute and keep track of the minimum, positive that can be achieved from each hyperplane. Calling these minimum values , we can sort the hyperplanes so that is always increasing. This way, we are likely to find the limiting hyperplane earlier, and we can stop the loop as soon as the current minimum is smaller than . Using (8) and (11) together with , we find the following simple lower bound: (12) where is the maximum vertex distance. Note that the minus sign is necessary, because is negative. Noticing that is constant while looping over the hyperplanes, this sorting idea can be further refined. With knowledge about , we can obtain a better lower bound than that of (12) . So instead of sorting only once, sorting can be done times, where each sorting is associated with an interval for . Thus, we have buckets, where the hyperplane ordering in each bucket is determined by sorting them increasing in , given by (13) So if , the current cross-product belongs to bucket . One could find even better values for using the fact that , but the resulting optimization problem would cost too much to make it worthwhile.
Improvement From Sorting: To study the effect of sorting the hyperplanes, the grasp of Fig. 5(a) is evaluated for varying values of . The input size is 8 object vertices, 416 hyperplanes, and 578 force directions. The required computational time, for each value of , was estimated by taking the average of 1000 evaluations. The time for constructing the convex hull using the Quickhull algorithm was not included. The computations were done on a computer with a Pentium M processor running at 1.6 GHz.
The results are shown as three curves in Fig. 4 , where each curve represents the grasp in Fig. 5(a) , but with a different gravitational load. In all cases, we see a significant drop in the computational time as increases. For each problem, there is an optimal value of , beyond which the computational time starts to increase rather slowly. Hence, it is better to overestimate . In the implementation of the hyperplane sorting, a variation of the Radix Sort algorithm [23] was used. 2 This algorithm is special, in that it has a linear complexity in the number of elements to be sorted. In this case, sorting always requires four traversals over the hyperplanes, thus we know that the time spent on sorting will be exactly proportional to the number of buckets. As the number of buckets are increased, at some point, there will be no further gain from having the hyperplanes sorted. Any further increase in the number of buckets will then cause a linear increase of the total computational time. This is also seen in Fig. 4 . 2 In books on algorithms, Radix Sort is described as an algorithm for sorting integer values. It is, however, due to the IEEE Standard 754 floating-point representation, possible to use it for sorting floating-point numbers as well; if they are interpreted as integers, comparisons between them will still be correct (although some care has to be taken with the sign bit).
For optimal effect of the sorting, the number of buckets should be set adaptively for each problem, depending upon the number of object vertices and the number of hyperplanes. However, for the curves in Fig. 4 , the numbers of vertices and the number of hyperplanes are constant. Thus, the effect from sorting is very problem-dependent, and difficult to predict from the size of the input. The experiments so far have shown that choosing gives a significant performance increase for most problems.
Assuming that the vertices have a uniform range distribution around the origin, the limiting, or worst-case vertices will often be those which generate large torque components. A further optimization is therefore to sort the vertices, decreasing in , before we loop over them. To satisfy the assumption about uniform range distribution, the object frame should be placed at the object's centroid. The final algorithm is described in Algorithm 1. 
C. Disturbance Forces and Object Vertices
An important question is how many points on the surface of the body we have to consider when moving around the disturbance force. Here we will give a proof showing that, if the body is a polyhedron, then it is sufficient to consider only its vertices.
Theorem IV.1: For a polyhedral body grasped by a unit grasp, the worst point of attack for a disturbance force will always be a vertex of the body.
Proof: Without loss of generality, we assume that each face of the polyhedral body is a convex polygon; in case of a nonconvex polygon, we can always decompose it into a finite number of convex polygons. The th face is the convex hull of the vertices , where is the number of vertices. 3 Any position on the th face can thus be written as a convex combination of its vertices (14) For a given disturbance-force direction , we only have to consider the subset of faces for which the disturbance force satisfies the friction cone constraint. In this subset, let us now consider the th face, so that the position of the disturbance force can be expressed with (14) . Using (8), (11), and (14), we can write the intersection between the applied wrench and the th hyperplane as (15) where and , can be computed from , , , , , , and . It is seen that for each hyperplane, the minimum positive is achieved by letting the with smallest coefficient become one (note that is negative for a stable grasp). This clearly corresponds to one of the vertices of the polygon. So for each hyperplane, the worst point of attack for the disturbance force will correspond to a vertex of the polygon. Hence, the overall worst point of attack will also be a vertex.
Since it is sufficient to consider only the vertices for each polygon face, we conclude that we only have to consider the vertices of a polyhedral body. Note that this conclusion is independent of the friction cone opening angle. Narrowing the friction cone will only reduce the number of polygon faces that has to be considered for each disturbance-force direction.
V. EXAMPLES
To illustrate the procedure proposed in this paper, it was tested on two small problems. For both problems, the coefficient of friction was set to 0.3, and each friction cone was approximated by eight force vectors. The resolution for the disturbance force directions are set to 10 for both and , resulting in a total of 578 force directions. This simple discretization scheme will Note that the top of S is plotted darker to make the views easier to identify, and that the scale is the same in all the figures. produce more samples for the force directions near and 180 . A uniform, and therefore more efficient, discretization could be made by choosing the force directions as the vertices of a geodesic dome. When evaluating the grasp, the coefficient of friction for the disturbance force was set to 1.5. Note that the friction cone for a vertex can be defined somewhat arbitrarily. Here, it is defined as the union of the cones belonging to the planes forming the vertex. An additional cone, in the direction of the averaged vertex normal, is also added.
Adding Gravity: In the first example, we will look at the effect of adding gravity in the evaluation of a grasp. To simplify interpretation, the grasped object is simply a box and the grasp is symmetrical. The box has dimensions . The object frame is placed in middle of the box, such that the -axis points along the longer direction of the box. The box is grasped by four frictional point contacts that are symmetrically placed in the -plane. The coordinates of the contacts are and ; see Fig. 5(a) . Solving for the convex hull of the grasp matrix results in 416 hyperplanes. The grasp was evaluated two times; first without gravity and then with the gravitational force set to . Gravity acts along the negative -axis. Note that is the upper limit for the unit grasp, since it is assumed that . In Fig. 6 , two views of are given for each grasp evaluation. In the first case,
, and the problem is totally symmetric. Hence, the surface is symmetric around all axes, and the grasp has almost equal strength in Fig. 7 . Left-hand figures show two views of the result for the grasp with four point contacts in Fig. 5(a) . Right-hand figures show the result of adding one extra contact, working against the gravity; see Fig. 5(b) . The extra contact causes the surface S to expand in all directions, except for the positive z-direction. As expected, the expansion is largest in the negative z-direction. For both grasps, the gravitational force was 0.1 and the coefficient of friction was 0.3. all directions. Breaking the symmetry by adding a (small) gravitational force has the major effect of translating upwards; compare the upper diagrams in Fig. 6 . This is due to upward-directed disturbance forces having to work against the gravitational force, and vice versa. It is also seen that the total volume enclosed by has decreased due to the grasp being preloaded by a nonzero . As the gravitational force is further increased, the volume-reducing effect quickly becomes dominant. This behavior simply reflects the loss of stability margins for the grasp, as it is being used more and more for just holding the weight of the object.
Adding Contacts: In this example, we want to study the effect of adding an additional contact to the grasp in the previous example. In the presence of gravity, the grasp in Fig. 5(a) is weak in the downward direction. To make the most use of an additional contact, it should be placed under the box so that it can work against the gravitational force. The resulting grasp is shown in Fig. 5(b) . When comparing the two grasps, the gravitational force was set to 0.1. The result is shown in Fig. 7 . It is seen that the extra contact expands the surface in all directions, except in the positive -direction. As expected, the expansion is largest in the negative -direction. The expansion of in the -plane is explained by the friction force between the box and the extra contact. Due to its large torque arm, this friction force efficiently counteracts the torque generated by a horizontal disturbance applied to the upper or lower parts of the box. In the lower-left figure, the geometry has changed to an L-shape by attaching an identical box to one of the ends. From the lower-right figure, it is seen that the change in geometry has a dramatic effect on the appearance of S. In the two lower figures, the worst-case disturbance force in the xy-plane is illustrated.
Changing Geometry: As one of the main ideas of the proposed method is to take the object geometry into account, the last example illustrates the effect the geometry can have on the grasp evaluation. The upper-left figure in Fig. 8 shows a box with dimensions . The box is grasped by a parallel-jaw gripper, resulting in four frictional point contacts. The grasp was evaluated without taking gravity into consideration, and the result is shown in the upper-right figure in Fig. 8 . It is seen that the disturbance-force rejection capability is almost identical in all directions in the -plane. As expected, the grasp is somewhat weaker against forces in the -direction. For such disturbance forces, the grasp can only use the friction forces at each contact to maintain equilibrium.
In the lower-left figure, the same grasp is applied to a different geometry, an L-shaped object composed of two identical boxes. The dimensions are the same as for the previous geometry. A grasp quality measure that only uses the contact points as input would rank these two grasps as equal. It is to be expected, however, that the second grasp has more difficulties rejecting disturbance forces due to the longer torque arms induced by its shape. This is also confirmed by the lower-right figure. In all directions, the disturbance-force rejection capability is significantly reduced, compared with the first grasp. The largest reduction (in the -plane) occurs at approximately 45 . This corresponds to a force acting on the lower-right vertex of the geometry, as shown by the arrow. This force is also shown in lower-right figure.
In the lower-right figure in Fig. 8 , we can also see some discontinuities in the surface . This can happen when the worstcase disturbance force appears on the boundary of the friction cone for some vertex. A slight change in the direction of the force, such that it falls outside the friction cone, will cause the worst case to appear on another vertex. This jump from one vertex to another can be seen as discontinuities in . Note that such discontinuities will not appear for smooth objects.
VI. SUMMARY When comparing task-directed and task-independent grasp measures with each other, one most often finds that the former are more complicated and take a longer time to compute. The proposed algorithm breaks this pattern. Task information is easily included by removing object vertices that are unlikely to be in contact during the task, thereby reducing the size of the problem.
One of the main features of the proposed evaluation procedure is that the torque component of the wrench space is used implicitly, thereby reducing the result to a 3-D surface in force space. This surface is easily interpreted and visualized. Furthermore, in the case of a zero-offset wrench, this surface is bounded by a sphere with radius . An algorithm solving the resulting min-max problem was also proposed. It was shown that introducing a sorting procedure greatly reduced the complexity of the algorithm. Further improvements would involve using more uniformly distributed force directions (e.g., the vertices of a geodesic dome) and downsampling of detailed objects (to reduce the number of vertices that has to be considered).
Offset wrenches, like gravitational forces, are easily taken into account. In some cases, the offset wrench can even have a stabilizing effect on the grasp, as when carrying a plate in the open palm; the weight of the plate helps the grasp to resist horizontal disturbance forces.
The surface can be used as a quality measure as it is, but in many cases, one would prefer to work with a scalar quality measure. How to derive a scalar quality measure from is not addressed here, but it is argued that the proposed procedure provides a sound basis for doing so. One suggestion is to choose to choose the minimum over all directions. A force with this magnitude can be resisted by a unit grasp no matter where it is applied and no matter its direction. The drawback of such a quality measure is that it could be overly conservative. If is a closed surface, one could instead use the volume enclosed by as a less conservative measure.
The proposed procedure can be used in grasp planning, for finding good grasps for robot grippers. It can also be used as a validation gate in a more reactive manner. If the executed grasp is good enough, the robot will continue its task. Otherwise, the object will be regrasped.
